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zf'(2) /f (z) < pe(z) and 1 + zf"(2) /f'(z) < py(z) respectively, where ¢ is a convex func-
tion with ¢ (0) = 1.1t is shown that the first of these operators maps starlike functions into
convex functions, while the convex mappings are shown to be closed under the second
integral operator.
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1. Introduction and motivation

LetD = {z € C : |z| < 1} be the open unit disk in the complex plane and let 4 denote the class of all functions f
analytic in D and normalized by the conditions f(0) = 0, and f’(0) = 1. An analytic function f is subordinate to an analytic
function g, written f (z) < g(z) (z € D), if there exists a function w, analytic in D with w(0) = 0 and |w(z)| < 1, such that
f(2) = g(w(z)). When the function g is univalent in D, the subordination f(z) < g(z) is equivalent to f(0) = g(0) and
f(D) C g(D). Afunction f € « is starlike if f (D) is a starlike domain with respect to 0, and a function f € « is convex if
f (D) is a convex domain. Analytically, these requirements are respectively equivalent to the conditions

Re (zf’(z)) >0, and Re <1 + zf”(z)) >0

f@) (@
In terms of subordination, these conditions are expressed respectively in the forms
zf'(z 1 " 1
f()< +Z, and 1—|—Zf (Z)< +Z.
f@e 1-z ff@a 1-z

Ma and Minda [1] gave a unified presentation of various subclasses of starlike and convex functions by replacing the
superordinate function (1 + z)/(1 — z) with a more general function ¢. This analytic function ¢ has positive real part with
¢(0) = 1, and maps the unit disk D onto a region starlike with respect to 1. Ma and Minda introduced the following classes
that includes several well-known starlike and convex mappings as special cases:

zf'(2)
f@

8T (p) = {fe,A: <(p(z)}
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and
Zf"(z)
CV(p) = {f Arl4+ —=<9@)¢.
f'@
Let 4, be the class of all p-valent analytic functions f (z) = zP + aszp“ + ap+zzp+2 + - - - in the open unit disk D. The

class #7 will be denoted by ». Following Ma and Minda [1], the following classes of p-valent starlike and convex functions
were introduced and investigated in [2].

Definition 1 (/2]). Let ¢ be an analytic univalent function in D with ¢ (0) = 1. The class C'V,(¢) consists of functions f € A,
satisfying

1 (1 + zf”(z)) <@p(z) (zeDb),
p f'@

and the class 87 ,(¢) consists of functions f € A, satisfying
12f'(z)
pf@

<p(z) (zeD).

Let ¢g : D — C be the function defined by

1+(1-2
ERGES
-z

When 8 < 1, pg(D) is the half-plane defined by Re w > B, while in the case 8 > 1, ¢g(D) is the half-plane defined by Re
w < B.Thus for B < 1, the classes 87 ,(¢g) and CV,(¢g) reduce to the familiar classes of p-valent starlike and convex
functions of order g:

1 /
ST ,(B) = {f € Ay Re (i{(?) > ,3} :

eV, (B) {feA L <1 fﬁ(l)) 5}
= : —Re .
’ "' f'@
Similarly, for 8 > 1, the classes 7 ,(¢g) and CV,(¢g) reduce respectively to the equivalent classes

1 /
My(B) = {f € Ay : R <Zj:(iz))) < ,3} ,

1 "
Np(B) == !f € Ap: ERe (1 + ij;(iz))) < ﬁ}.

For p = 1, these classes were considered by Breaz [3], Nishiwaki and Owa [4], Owa and Nishiwaki [5], Owa and Srivastava [6],
and Uralegaddi et al. [7].
Next let ¢, , : D — C be the conformal mapping of D onto the domain

wp(2) =

QA,/J.:{wGC:Rew—MZA|w_]|},

and normalized by ¢, ,,(0) = 1. Then the classes 87 ,(¢,.,,) and C'V,(¢;. ) reduce to the classes §7 (A, u) and CV, (A, 1)
of p-valent starlike and convex functions associated with parabolic starlike and uniformly convex functions. The class
CVp(A, u) was investigated by Yang and Owa [8], and Frasin [9]. In fact the classes C, (A, 1) and UC,(B, k) investigated by
Frasin [9] are essentially the same: Cp(A, u) = UC,(pu, A). We shall consider only the former class in this paper, which in
our notation is the class CV, (X, ).

For o; > 0 and f; € 4, define the following respective integral operators:

Fp(z)=/ ptP~ 1]‘[(””) (1.1)

0

cp(z)=/ ptP~ 1]‘[(””) (1.2)
0

In this paper, the above defined integral operators are investigated for the classes of p-valent Ma-Minda type starlike
and convex functions. It is shown that F, defined by (1.1) transforms a Ma-Minda type starlike function into a Ma-Minda
type convex function. It is also shown that the Ma-Minda type convex functions are closed under the operator G, given by
(1.2). In the special case p = 1, the results obtained here include several earlier works found in the literature.
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2. Convexity of the integral operators

Theorem 2.1. Let o; > 0, and f; € A,,i = 1,2, ..., n. Let F, be given by (1.1).

(1) If fi € 8T ,(Bi), Bi < 1, thenF, € CV,(y) wherey .= 1— Y " a;(1 — ). In particular, if Y ., a;(1— Bi) < 1, then
F, € CV, = CV,(0).
(2) If fi € Mp(Bi), Bi > 1, thenF, € Ny(y) wherey =1+ 2?21 ai(Bi — 1).

Proof. Since
n o
/ _ p—] ﬁ(z)
Fy@) = pz H (_zp ,
i=

it follows that

A Sa) Sl (19)
—11 p =[1- ; - i )
p( i F;:(z)) < ;a>+;ap(ﬁ(z)

The desired results are now evident from the definitions of the above classes. O

Corollary 2.1. Let a; > 0,and f; € Ap,i=1,2,...,n. Let F, be given by (1.1).

(1) If fi € 87 ,(B), B < 1,thenF, € CV,(y)wherey := 1—(1—p) Y.\, e. Inparticular, if >\, o; < 1,thenF, € CV,(B).
(2) If fi € Mp(B), B > 1,thenF, € Np(y) wherey =1+ (B — 1) > L, ai

Given a complex number b # 0, the classes of p-valent starlike and convex functions of complex order b and type
B (B < 1), are defined as below:

s7.b. ) = e, re(14 L (1D 4
“’(’ﬁ)'_ife a e( +E<Ef(z> B >)>’3}’

eV, (b, B) = {f € Ay : Re (1 + % (% (1 + Zj:(g) - 1)) > ,3}.

For p = 1, these classes were considered by [10-13]. It is clear that $7 (b, B) = 87 ,(b(1 — B),0) and CV,(b, B) = CV,
(b(1 — B), 0). Similarly, for 8 > 1, we define the following classes:

1 /12 (2)
My(b, B) = {feAp:Re(l—FE(Ef(z) —1)) <,3},

1/1 zf" (2)
Ny(b, B) = {feAp:Re(l+E<I—)(l+ f,(z)>—1>) <,B}.

Theorem 2.1 extends to the above defined classes as shown in the following result:

Theorem 2.2. Let o; > 0, and f; € A,,i = 1,2, ..., n. Let F, be given by (1.1).

(1) If fi € 8T p(b, Bi), Bi < 1,thenF, € CV,(b, y) wherey :=1— Z?:] ai(1 — B)).
(2) If fi € My(b, Bi), Bi > 1,thenF, € N,(b,y) wherey =1+ > " oi(Bi — 1).

Proof. The result follows by noting that
1(1 zF)(2) L L 1 (12 (2)
1+-[-(1+L=)-1)=(1-) o]+ oz~(1+—<—l —1)).
b(p( Fi(2) ; ; b \p fi(2)

Remark 2.1. Theorem 2.2(1) extends the work of Bulut [12]. In particular, when p = 1, Theorem 2.2(1) reduces to Theorem
1in[12].

(1) If fi € CVy(Bi), Bi < 1, then G, € CV,(y) wherey :== 1 — > ai(1 — By). In particular, if >\ ; o;(1 — B;) < 1, then
Gp € CVp.
(2) If fi € Mp(Bi), Bi > 1, then Gy € N,(y) wherey =1+ 2?21 ai(Bi — 1).

Theorem 2.3. Let o; > 0, and f; € A,,i = 1,2, ..., n. Let G, be given by (1.2).
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Proof. Since

o= 1 (12)"

it follows that

1 2G,(2) z; ”(Z))
“11 P 1—2 ; § ;
p( i c;,(z)) ( “)+ “b ( @

The desired results follow directly from the definitions of the classes. O

Corollary 2.2. Let a; > 0,and f; € Ap,i=1,2,...,n. Let G, be given by (1.2).

(D) Iffi € CVy(B), B < 1, then G, € CVy(y) wherey == 1— (1 — B) Y\, o In particular, if >, a; < 1, thenG, €
CVy(B).
) If f; GN(,B) B > 1,then G, € Ny(y) wherey =1+ (B — 1))\, .

In general, the following result is obtained:

Theorem 2.4. Let o; > 0, and f; € A,,i = 1,2, ..., n. Let G, be given by (1.2).

(1) If fi € CVy(b, B), i < 1,then G, € CVy(b, y) wherey :=1— 3" ai(1— By).
(2) If fi € Mp(b, Bi), Bi > 1, then Gy € Ny(b, y) wherey =1+ 2?21 ai(Bi — 1).

Proof. The results follow from the equation
1(1 2G,(z) zf/'(2)
e 1— i+ 1(1+ ( <+ ) 1)) m
b(p( G;<z>) ) ( Z“) Z“ 5@

Remark 2.2. For p = 1, Theorem 2.2(1) reduces to Theorem 3 in [12].

As applications of our results, the following results are obtained for the class CV,(A, ).

Theorem 2.5. Fori=1,2,...,nleta; >0, u; > A; > 0and
n 1—l,,l,
=1- o -
Y ; By

(1) If fi € 8P, (As, i), then F, € CV, ().
(2) If fi € €V, (A4, pi), then G, € CV, ().

Proof. We first prove that $7 ,(A, u) C 87, ((n + 1)/(1 + 1)).Letf € 87 ,(A, ). Then the quantity w := zf'(z) /(pf (2))
satisfies

Rew — u > Alw — 1].
The inequality
Rew — u > —ARe(w — 1)
yields
M + A

Rew >

Thus f € 87, (%) Now since f; € 87 ,(A, i), then f; € 8T, ((i + A1)/ (1 + X)), and the results of the theorem now
follows from an application of Theorem 2.1(1).
The proof of the second part of the theorem follows similarly from Theorem 2.3(1). O

Remark 2.3. Since
 o(1— ) .
1— el AN a;i(1— 1),
; T+rn - ; i( i)

Theorem 2.5(2) improves the corresponding result of Frasin [9, Theorem 3.6]. It should be pointed out that the result obtained
by Frasin is independent of the parameters X;, where as these parameters play an important role in our Theorem 2.5(2).
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Nextlet —1 < B <A < 1, and ¢4 g be given by

1+ Az
(z € D).
14 Bz

Let 87 ,(A, B) := 87 ,(¢a ) and CVj(A, B) := CVj(¢a ). It can be shown that
8T ,(A,B) C 87 ,((1 —A)/(1 —B)).

Using this fact, the following theorem is evident:

@ap(2) =

Theorem 2.6. Let ; >0, —1 < B <A <1,i=1,2,...,n,and
n
Ai — B;
=1- o .
4 ; "1-B;

(1) If fi € 8T p(A;, B)), then F, € €V, (y).
(2) If fi € CV,(A;, B)), then G, € CV) (V).

3. Closure property of integral operators

Fori=1,2,...,nleto; > 0,8 < 1and Zl';l a; < 1.Forf; € Ay, letF, be givenby (1.1). By Corollary 2.1,iff; € 87 ,(f8),
then F, € C'V,(B). We prove this in a more general setting in the following theorem:

Theorem 3.1. Fori = 1,2,...,n, let o; > 0 and Z?:l a; < 1. Let ¢ be convex in D with ¢(0) = 1.If f; € 8T ,(¢), then
Fp, € CVyp(g).

Proof. As shown in the proof of Theorem 2.1, it follows that

1, H® - S sz(z)-)
—|1 5 =(1- i i— : .
p( " F£<Z>) < ;a>+;ap(ﬁ(z)

The assumption that f; € $7 ,(¢), yields

12zf/ (z) @)
—_——— < w ,
p fi@)
and thus
12zf/(z
p fi@)
for every z € D. Since ¢ is convex, the convex combination of 1 and %sz:;g) (i=1,2,...,n),is again in ¢(D). This shows
that
1 zF) (z) - ~ 1 (zf(2)
—(1+22=)=(1- o | (1) + a»—(l >€g0(]D>),
P( Fy(@) ; ’ ; v h@
or

1 zF/(2)
-1+ f’ <p(z). O
p F)(2)
Shanmugam and Ravichandran [ 14] have shown that if the f;’s are uniformly convex functions and «;’s are real numbers
such thate; > 0,and ) | o; < 1, then the function

| Tl
0 =1

is also uniformly convex. This result was extended to parabolic starlike functions of order p by Aghalary and Kulkarni [15].
This result is indeed valid even for a more general class of functions:

Theorem 3.2. Fori = 1,2,...,n,let a; > 0and Z?:] a; < 1. Let ¢ be convex in D with ¢(0) = 1.If fi € CV,(p), then
Gp € CV,(9).

The proof is similar to Theorem 3.1, and is therefore omitted.
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Remark 3.1. Fori = 1,2, ...,n,leta; > 0and Z?:] a; < 1. Let ¢ be convex in D with ¢(0) = 1.1f f; € CV,(¢), then it
follows from Theorem 3.2 that

ZPH (%) € 8T ().
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